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Abstract. Bolted joints are widely applied in assembled mechanical structures. This paper focuses 
on the nonlinear modeling and parameter identification of bolted beams. Two Valanis models are 
respectively used to describe the nonlinear behaviors of the bolted joint and the boundary 
connection. Experimental tests at low and high excitation levels are performed to reveal the 
dynamic characteristics of the bolted beams. The Young’s modulus of the beams is identified via 
experimental test with low excitation level; whereas the parameters of Valanis model are identified 
by using optimization technique in order to minimize the residual error between the measured and 
the simulation data at a high excitation level. 
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1. Introduction 
In the aeronautical and aerospace areas, much attention has been attracted by the assembled 
mechanical structures which consist of substructures or parts connected to each other through 
different sorts of connections [1, 2]. If the effects of the mechanical joints on the dynamics are 
ignored in the models of mechanical structures, there may exist a significant error between the 
theoretical and experimental results, especially in some cases with large excitation or motion 
levels. Many researchers have focused on how to solve such a problem employing the theoretical 
or experimental methods [3, 4]. For instance, Kuether et al. presented two modal sub-structuring 
techniques describing the nonlinear dynamic behaviors of an assembled structure [5]. Hammami 
et al. [6] presented a detailed review on damping design of a jointed structure. Segalman et al. [7] 
investigated a four-parameter model for lap-type joints in order to capture the dissipation fashions 
of harmonically loaded experiments. 
Among the mechanical connections, bolted joints are applied in assembled mechanical 
structures most widely. A plenty of researchers have paid attention to developing predictive 
models for bolted joints in different structures. For instance, Song et al. [8] developed an adjusted 
Iwan model approach to simulate the non-linear dynamic behavior of bolted joints in beam 
structures. Jalali et al. [9] presented a nonlinear model of single degree of freedom to describe the 
governing equation of bolted joints interface between two beams. Ahmadian et al. [10] used a 
nonlinear spring to represent the softening phenomenon of the joint interface in the modeling of 
the joint which was in the mid span of an Euler-Bernoulli beam. 
It is observed that relatively less attention has been paid to identifying a structure with not only 
nonlinear joint but also nonlinear boundary connection. The key purpose of the research is to 
explicitly and accurately model and to identify the structures with joint and boundary nonlinearity. 
For this purpose, two Valanis models are respectively used to describe the behaviors of the bolted 
joint and the boundary connection. The Young’s modulus of the beams is identified by using 
experimental tests with low excitation levels, whereas the parameters of Valanis model are 
identified by using optimization technique in order to lessen the residual error between the 
measured and the simulation data at a high excitation level. 
2. The method of the identification 
The nonlinear characteristics of the bolted joints, such as micro/macro-slip, may have a 
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significant effect on the dynamic behavior of assembled structures. Therefore, it is of practical 
importance to accurately model the nonlinear characteristics of the interfaces of the bolted joints. 
The equation of motion for a nonlinear system with multiple degrees of freedom under harmonic 
excitation can be expressed as follows: 
ۻܠሷ + ۱ܠሶ + ۹ܠ + ۴ே௅(x, xሶ ) = ܎sin߱ݐ, (1)
where ܠ and ܠሶ  are the vectors of displacements and velocities, ۴୒୐(ܠ, ܠሶ ) represents the nonlinear 
internal force which is a function of the displacements and velocities, ܎ is the amplitude vector of 
the excitation forces, ߱ is the excitation frequency, and ۻ, ۹ and ۱ denote the mass, damping and 
stiffness matrices, respectively. In the case of one nonlinear element between ݎth and ݈th degrees 
of freedom, the nonlinear force term can be expressed as: 
۴ே௅(ܠ, ܠሶ ) = [0, … , ே݂௅(ݕ, ݕሶ ), 0,
௥೟೓
… , − ே݂௅(ݕ, ݕሶ ), … ,0,
௟೟೓
]் , ݕ(ݐ) = ݔ௥(ݐ) − ݔ௟(ݐ), (2)
where y(t) represents the displacement between ݎth and ݈th degree of freedom. The excitation 
forces ܎ can be written as: 
܎ = [0, … , ܨ, … ,0
௤೟೓
]், (3)
where ݍ th represents the degree of freedom of exciting position. By neglecting high-order 
harmonic components due to nonlinear effects, the dynamic response of the bolted beam can be 
written as: 
ܠ(ݐ) ≈ ܆cos(߱ݐ + ߰), (4)
where ܆ is the response of Amplitude, ωis the excitation frequency, ߰ is the phase difference 
between the response and the excitation force signals. Transforming amplitude response into 
frequency domain yields: 
ܪ௡௟(߱) =
ܺ(߱)
ܨ(߱) ݁
௝ట, (5)
where ܪ௡௟(߱)  represents the function of nonlinear frequency response, ߱  is the excitation 
frequency, ߰ is the phase difference between this response and the excitation force signals. In 
order to identify the Valanis model parameters, optimization technique has been adopted in order 
to minimize the residual error between the measured and the simulation data. According to this 
particular requirement, the objective function can be expressed as follows: 
ܱܤܬ = min ෍ሼ[(ܪ஼௔௟(߱௜) − (ܪ்௘௦௧(߱௜))]ሽଶ
௡
௜ୀଵ
. (6)
Fig. 1 depicts the main procedure of the optimization task. The dynamic responses obtained 
by using simulations and experimental testing are used to establish the objective function and then 
optimization solver minimizes the residual error between the measured and the simulation data. 
3. Simulation example 
Fig. 2 shows a two-degree freedom system with a nonlinear boundary connection. ݉ଵ = 2, 
݉ଶ = 3, ݇ଵ = 100, ݇ଶ = 250, ݇ଷ = 120. The equation of motion for a nonlinear system can be 
expressed as follows: 
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ቂ2 00 3ቃ ൜
ݔሷଵ(ݐ)
ݔሷଶ(ݐ)ൠ + ቂ
350 −250
−250 370 ቃ ൜
ݔଵ(ݐ)
ݔଶ(ݐ)ൠ + ൜
0
௡݂௟(ݔ, ݔሶ )ൠ = ቄ
ܨcos(߱ݐ)
0 ቅ, (7)
where ܨ  and ߱  represent the amplitude of the excitation force and the excitation frequency, 
respectively. ௡݂௟(ݔ, ݔሶ ) can be represented as a Valanis model [11], such that: 
ሶ݂௡௟ =
ܧ଴ݔሶଶ ቆ1 + ߣܧ଴ sgn(ݔሶଶ)(ܧ௧ݔଶ − ௡݂௟)ቇ
1 + ߢ ߣܧ଴ sgn(ݔሶଶ)(ܧ௧ݔଶ − ௡݂௟)
, ߣ = ܧ଴
ߙ଴ ቀ1 − ߢ ܧ௧ܧ଴ቁ
, (8)
where ߢ, ߣ, ܧ଴, ܧ௧ are the parameters of a Valanis model. Table 1 shows the initial values of the four 
parameters. Fig. 3 shows the frequency responses of the system at ܨ = 1 N, ܨ = 3 N, ܨ = 5 N. 
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Fig. 1. Flow chart of the identification algorithm 
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Fig. 2. A two degrees of freedom system 
Table 1. Initial value of the Valanis model 
Parameters ߢ ߣ ܧ଴ ܧ௧
Initial value 0.6 12 100 10 
 
Fig. 3. Nonlinear frequency response function 
Fig. 3 shows the frequency responses in which the peak value of the structure response 
decreases with the amplitude of the exciting force. The parameters of the Valanis can be identified 
by using fminsearch solver. Table 2 shows the identified values whereas Fig. 4(a) and Fig. 4(b) 
show the identified (1 N) results and the predicted results respectively. 
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Table 2. The identified results 
Parameters ߢ ߣ ܧ଴ ܧ௧
Exact value 0.6 12 100 10 
Initial value 0.8 21 70 8 
Identified value 0.61 11.79 99.99 7.88 
 
a) 
 
b) 
Fig. 4. a) The identified results, b) the predicted results 
4. Experimental studies 
Experimental tests were conducted to investigate the dynamic characteristics of two beams 
connected through two bolts, as shown in Fig. 6. The bolted joint and the boundary connection 
are contained in the structure. The setup of the testing system consists of an electromagnetic 
vibration exciter, a power amplifier, a vibration test controller, etc. The input force and the 
dynamic responses of the system are measured using a force transducer and four acceleration 
sensors, respectively, as shown in Fig. 5 and Fig. 6. 
 
Fig. 5. A diagrammatical scene of the experimental setup 
 
Fig. 6. A formal outlook of the experimental setup 
Two different stages of the experimental tests were carried out. In the first part, the bolted 
beams were excited by using two sinusoidal forces (0.1 N and 0.2 N), respectively. The excitation 
time of 5 minutes was set in the Spider-81 software system. Fig. 7(a) describes the Frequency 
Response Function (FRF) of the data acquired at sensor location B using the Engineering Data 
Management (EDM) software from Crystal Instruments. The experimental results obtained using 
the two sinusoidal excitations at small levels are almost the same since the assembled structure 
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behaves linearly in the case of a small excitation level. 
The linear material parameters of beams are identified by using optimization technique. The 
initial values of Young’s modulus are taken to be 80 GPa. Table 3 and Fig. 7(b) show the identified 
Young’s Modulus and the FRF obtained using the identified value, respectively. 
Table 3. Initial and updated Young’s modulus 
Young’s modulus Initial value Identified value 
ܧ (Pa) 8×1010 8.8×1010 
 
 
a) 
 
b) 
Fig. 7. a) Measured linear FRF at sensor location B, b) Linear identification results 
In the second part, the bolted beams were excited using the sinusoidal forces with much larger 
levels in order to identify the nonlinear characteristics of the system. Two different levels of 
excitation forces (F = 1 N and F = 2 N) were considered for the experimental tests having range 
of testing frequency from 4 Hz to 6 Hz in software system. Quite different from the case of linear 
structure, Fig. 8 shows the measured FRF and the natural frequency of the structure which 
decreases with the amplitude of the exciting force. 
 
Fig. 8. Measured nonlinear frequency response function at sensor location B 
In this part, two Valanis models are respectively used to describe the nonlinear behaviors of 
the bolted joint and the boundary connection. The parameters of the Valanis models are identified 
by minimizing the objective function defined in Eq. (7). The boundary connection and the bolted 
connection consisting of two bolts is respectively treated as a single nonlinear joint. The results 
of optimization are obtained using Matlab fminsearch solver and shown in Table 4-5 and Fig. 9. 
The responses of the identified model coincide well with that of the experimentally measured 
responses, as shown in Fig. 9(a). Finally, the proposed strategy is verified by comparing the 
frequency responses of the identified model and the experimental test under another exciting level 
(2 N). Fig. 9(b) demonstrates a good agreement between the dynamic responses of the identified 
model and the experimental tests under 2 N excitation force. It confirms that the identified models 
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can characterize very well the nonlinear behavior of the beam with nonlinear connections 
subjected to the higher levels of excitations. 
Table 4. Identified parameters of Valanis model at the boundary connection 
Parameters ߢ௙௜௫ ߣ௙௜௫ ܧ଴௙௜௫ ܧ௧௙௜௫ 
Initial value 0.1 800 30 100 
Identified value 0.04 1157.22 31.34 131.52 
Table 5. Identified parameters of Valanis model at the bolted joint connection 
Parameters ߢ௕௢௟௧௦ ߣ௕௢௟௧௦ ܧ଴௕௢௟௧௦ ܧ௧௕௢௟௧௦ 
Initial value 0.1 800 100 80 
Identified value 0.10 923.44 93.35 66.65 
 
 
a) 
 
b) 
Fig. 9. a) Measured and identified responses with 1 N excitation;  
b) Measured and predicted responses with 2 N excitation 
5. Conclusions 
The main purpose of this research is to analyze the beams with nonlinear joint and nonlinear 
boundary connection by using Valanis model. It has been depicted by experimental results that 
the dynamic responses of the bolted beams under low and high excitation levels are linear and 
nonlinear, respectively. The equivalent linear material parameters of the beam are obtained using 
the linear response at low excitation level. Two Valanis models are respectively used to describe 
the nonlinear behaviors of the nonlinear joint and nonlinear boundary connection. The parameters 
of two Valanis models are identified by minimizing the error between simulated and 
experimentally measured results under a high excitation level. It has been shown that the 
frequency response of the identified model and experimental tests matches well with each other. 
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